Abstract. We present a general study of 3-point functions of conformal field theory (CFT) in momentum space, following a reconstruction method for tensor correlators, based on the solution of the conformal Ward identities (CWIs), introduced in recent works. We investigate and detail the structure of the CWIs and their non-perturbative solutions, and compare them to perturbation theory, taking QED and QCD as examples. Exact solutions of CFT's in the flat background limit in momentum space are matched by the perturbative realizations in free field theories, showing that the origin the conformal anomaly is related to efffective scalar interactions, generated by the renormalization of the longitudinal components of the corresponding operators.
Introduction
Correlation functions of 3-point functions play a special role in conformal field theory (CFT) in d = 4 since they can be determined by solving the constraints imposed by the conformal group, which in d = 4 is SO (2, 4) . The functional form of the solutions are determined more easily using methods of coordinate space rather than momentum space. Operator product expansion techniques, for instance, which allow to define a program for the bootstrap of higher point functions, as well as other analysis, have so far favoured coordinate space. On the other hand, studies of CFT's based on the standard perturbative expansion in the gauge coupling, such as in N = 4 supersymmetric Yang-Mills theory, as far as the computation of the amplitudes is concerned, have been largely performed in momentum space. A Lagrangian realization of a CFT is, in any case, a theory which is often investigated perturbatively in terms of its Feynman diagrams. On the contrary, a direct solution of the conformal Ward identities -for a given correlation functioncan be interpreted, in this respect, as being strictly non perturbative, in the sense that it is not related to any coupling but only to the underlying symmetry. Establishing a link between the two approaches in momentum space, with exact CFT solutions on one side and Lagrangian realizations on the other, turns useful for various reasons. One of them is to provide a simplification of general CFT results, as we are going to show next. A second one is the possibility of offering a simple and physical interpretation of the origin of the conformal anomaly in 3-point functions, for correlators with one or more insertions of stress energy tensors.
The origin of the conformal anomaly
Anomalies are associated, in coordinate space, to configurations of a correlator in which all the points coalesce. For a 3-point function these are configurations of the form ∼ δ(x 1 − x 2 )δ(x 2 − x 3 ). Configurations of partial coalescence are defined to be semilocal or simply contact terms. Two counterterms are needed in d = 4 in the renormalization of of correlators with multiple stress energy tensors, responsible for the generation of the scheme independent part of the anomaly: E and C 2 . They correspond to the Euler-Poincare density and the Weyl tensor squared respectively, which find application in the T T T (3-graviton) vertex. For other correlators, such as the T JJ vertex the renormalization of the vector 2-point function JJ is sufficient to generate a finite correlator, which is reflected in the F 2 term of the anomaly functional, with F the field strength of the photon (see [1, 2] for related studies). The solutions of the CWIs for 3-point functions in coordinate space have been obtained in the past by superposition of a traceless contribution and of contact terms proportional to the two operators mentioned above. Obviously, the coordinate space approach provides limited information on the origin of the anomaly, except for telling us that its origin is a short distance effect.
Anomalies as light cone processes
Once a CFT is matched to a free field theory, one has the possibility of handling far more simplified expressions of such correlators and can proceed with the analysis of an ordinary Feynman expansion. As discussed in several previous works, the analysis in momentum space provides additional information on this phenomenon. This is described by the emergence of massless effective scalar degrees of freedom in 3-point functions containing insertions of stress energy tensors, which can be interpreted as light-cone interactions. As discussed in [3] [4] [5] , this phenomenon clearly points towards an interpretation of the origin of the conformal anomaly as mediated by correlated pairs of fermions/scalars, as emerging from the spectral representation of a given perturbative correlator. More recently, it has been pointed out that such type of interactions play a role in the context of Weyl semimetals, with the paired electrons (representing the massless pole) interacting with the lattice of such materials [6] . Both chiral and conformal anomaly poles play a role in this phenomenon. Establishing conclusively the presence of such interactions at nonperturbative level is possible for 3-point functions, by matching the perturbative result with the nonperturbative solutions derived from the CWI's. Using this approach we have conclusively shown in [7] that these interactions are associated to renormalization and are not related to specific parameterization of the tensor correlators. The proof can be illustrated more easily in the case of the TJJ correlator in QED, that we will sketch below. A similar analysis can be performed for QCD, though it is more involved.
Effective interactions
The key construct in this analysis is the anomaly action, which for 3-point functions can be completely fixed, modulo few constants, which are specific to a given CFT. It has been shown that in an uncontracted anomaly vertex of either chiral, conformal [3] [4] [5] or superconformal type [10] , the origin of an anomaly has to be attributed to the appearance of specific form factors in its tensor structure, which are proportional to 1/k 2 in the massless limit. Such anomaly poles define massless exchanges in momentum space and are the direct signature of the anomaly. In all such cases k denotes the momentum of an axial-vector current in an AV V (axial-vector/vector/vector) correlator or that of a stress energy tensor (T) in a TJJ vertex. The existence of chiral anomaly poles has been discussed in the literature in the 70's, while conformal anomaly poles have been shown to be part of the TJJ vertex in QED, QCD and the electroweak sector of the Standard Model [5, 8] only more recently. Studies of such interactions in the context of both chiral and conformal anomaly diagrams have always been performed at the perturbative level in the past, with the obvious limitations of the case. These studies show the presence of some universal features of these interactions. The chiral and conformal anomaly coefficients are then proportional to the residues of the corresponding correlators evaluated at the anomaly pole (times a tensor structure which is the anomaly functional). By combining nonperturbative information coming from the solution of the CWI's with that from free field theories it is possible to show rigorously the existence of such interpolating states.
Conformal Ward identities in momentum space
The CWIs in momentum space, in d dimensions, for a correlation function, in the simpler case of a scalar correlator
in momentum space take the form [9, 11]
(withp
for the dilatation and
for the special CWIs. We will choose n = 3. The latter equation can be rewritten in the form
in terms of the magnitudes of the momenta p i ≡ p 2 i with
and the scalar operator
Eq. (5) can be split into the two independent equations
Following the approach presented in [12] , the ansatz for the solution can be taken of the form
with x = . Here we are taking p 3 as "pivot" in the expansion, but we could equivalently choose any of the 3 momentum invariants. Φ is required to be homogeneous of degree ∆ − 2d, where ∆ = ∆ 1 + ∆ 2 + ∆ 3 is the total scaling dimension of Φ. In the case of a scalar correlator the four fundamental solutions are expressed in terms of the Appell function
where (α) i = Γ(α + i)/Γ(α) is the Pochammer symbol. The general solution is expressed as linear combinations of the 4 independent special solutions of type (8) as [9, 11] 
where the sum runs over the four values a i , b i i = 0, 1 which define the Fuchsian exponents, with constants c(a, b, ∆), with ∆ = (∆ 1 , ∆ 2 , ∆ 3 ). They have been shown in [15] to be identical for all the type of correlators investigated so far. The CWIs correspond to hypergeometric systems of equations which can be solved in two different ways [7, 11] .
Tensor Correlators
In the case of the T JJ vertex, the proof in CFT that such poles are not artificial exploits two different representation of the same vertex. We sketch the proof. In a basis of 13 form factors introduced in [3] the correlator takes the form
in terms of a suitable set of independent tensor structures t
and form factors F i . The basis is non minimal, since it is not built by imposing the conformal constraints but only the conservation and symmetry properties of the correlator. It contains only two form factors whose tensor structures are tracefull (t 1 , t 2 ) and only one form factor which needs to be renormalized as d → 4, denoted as F 13 . The form factors F i are functions of the kinematic invariants s = p
. This representation of the T JJ has been studied at 1-loop in QED, with an extension to QCD. An alternative and minimal basis has been introduced in [11] using a decomposition of the same correlator in terms of transverse traceless (t j j) and longitudinal components (t loc JJ) in the form
with the transverse traceless sector expanded in a set of 4 form factors A l [7, 13, 14] 
The two basis can be related and the exact solution of the CWI's fixed up to 2 constants in d = 4. The analysis of the exact solutions shows that the singularities in the A i basis are in exact correspondence with the presence of F 13 , setting a direct link between the two basis. By imposing the traceless condition in d dimensions one gets the constraints 
showing the appearance of an anomaly pole in the single form factor which is responsible for the trace anomaly. It is then clear that the emergence of an anomaly pole in the T JJ is not limited to perturbation theory but is a specific feature of the nonperturbative solution as well, if we can show that the general expression for the T JJ can be exactly matched in free field theory [7, 15] . In the dispersive representation of the unique form factor which is responsible for the appearance of the anomaly, it is related to the exchange of a collinear fermion/antifermion pair in the s variable (ρ(s) ∼ δ(s)), where ρ(s) is the spectral density of the single form factor F 1 which contributes to the trace. The study can be performed in the non conformal limit, with a nonzero mass fermion in the loop, taking the massless limit at a second stage. This configuration provides a contribution to the anomaly action of the form
with the appearance of a massless nonlocal interaction. In view of the equivalence between the perturbative and the nonperturbative solution for the A i (and henceforth for the F-basis), this behaviour is clearly present in the nonperturbative solution, due to the complete matching between the two [7, 15] .
